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Abstract

The existence, stability and branching of invariant sets in the problem of the motion of a heavy rigid body with a fixed point,
which satisfies the Goryachev–Chaplygin conditions, are discussed. Both trivial invariant sets, in which the pendulum-like motions
of a Goryachev–Chaplygin spinning top lie, as well as non-trivial invariant sets, in which the motion of the top is described by
elliptic functions of time, are investigated.
© 2006 Elsevier Ltd. All rights reserved.

1. Formulation of the problem

Consider a heavy rigid body with a fixed point which obeys the Goryachev–Chaplygin conditions.1,2

Suppose P is the weight of the body, A, B and C (A = B = 4C) are the principal moments of inertia of the body with
respect to the fixed point, x = a > 0, y = z = 0 are the coordinates of the centre of mass in the corresponding axes and �1,
�2, �3 and �1, �2, �3 are the projections of the angular velocity of the body and the projections of the unit vector of
the upward vertical onto these axes.

Introducing the notation �2 = Pa/C and assuming, without loss of generality, that C = 1, we reduce the equations of
motion of the body in the Euler-Poisson form to the form

(1.1)

(1.2)

It is well known that Eqs. (1.1) and (1.2) allow of energy integral H = const, area integral K = const and a geometric
integral � = 1 and, at the zeroth level of an area integral, the Goryachev–Chaplygin integral G = const:

(1.3)

(1.4)

(1.5)
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(1.6)

According to the modified Routh theory,3–7 the critical sets of one of the integrals (1.3) or (1.6) at fixed levels of all
the remaining integrals ((1.4)–(1.6) or (1.3)–(1.5)) correspond to the invariant sets of system (1.1), (1.2). We shall seek
the critical sets of the integral G on the fixed levels of the integrals H = �2h, K = 0 and � = 1. To do this, we introduce
the function

where �, � and � are undetermined Lagrange multipliers and we now write out the conditions for it to be stationary
with respect to the variables �1, �2, �3 and �1, �2, �3.

(1.7)

It is now necessary to supplement Eqs. (1.7) with Eqs. (1.3)–(1.5), which are the conditions for the function W to be
stationary with respect to the variables �, � and �.

2. Trivial invariant sets

We will first consider a problem when all the undetermined Lagrange multipliers are equal to zero (� = � = � = 0).
In this case, it follows from Eqs. (1.3)–(1.5) and (1.7) that the six phase variables of system (1.1), (1.2) are constrained
by the five relations

(2.1)

This means that relations (2.1) define families of one-dimensional invariant sets which are parametrized by the dimen-
sionless constant h of the energy integral. At the same time, the body executes pendulum-like motions: oscillations
when h ∈ (−1, 1) and rotations when h > 1. When h = −1, the body finds itself in a stable equilibrium position and,
when h = 1, it is either in an unstable equilibrium position or executes asymptotic motions when t → ±∞. Actually,
putting (see (2.1)) �1 = sin �, �2 = cos �, �3 = �̇, we have (see Eqs. (1.1) and (1.2)) that � = �(t) is determined from
the equation

(2.2)

where

(2.3)

Note that, when h ∈ (−1, 1), a single family of invariant sets exists in which the oscillations of the body lie and, when
h > 1, two families exist which correspond to the clockwise (�̇ < 0) and counterclockwise (�̇ > 0) rotations of the
body during which, for any h ∈ [−1, +∞), the integral G takes a zero value (g = 0) in the invariant sets (2.1).

On calculating the second variation of the function W in the neighbourhood of the invariant sets (2.1) and determining
the linear manifold �H = �K = �� = 0, we have

(2.4)

(2.5)
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The quadratic form (2.4) of the variables �1, �2 and �3 in the linear manifold (2.5) in the space of these variables is
definite (indefinite) if the determinant

is positive (negative). Here � = �(t) is the solution of Eq. (2.2) for which relation (2.3) holds. Taking account of the
latter fact, we have that � = 16�4(h2 − 1). Hence, the invariant sets (2.1) import a saddle value, when h ∈ (−1, 1),
and an extremum value, when h ∈ (1, +∞), to the integral (1.6) on the fixed levels of the integrals (1.3)–(1.5) (the
extremum value is a minimum when �̇ > 0 and a maximum when �̇ < 0, since the principle diagonal third-order minor
�3 of the determinant � is equal to �3 = 32�̇). Consequently,7 when h ∈ (−1, 1), the invariant sets (2.1) are unstable
and, when h ∈ (1, +∞), they are stable. These conclusions agree completely with the results in Ref. 8 in which the
orbital instability of the oscillatory pendulum-like motions of a Goryachev–Chaplygin top and the orbital stability of
the rotational pendulum-like motions of such a top was proved.

3. Non-trivial invariant sets

We will now consider the case when not all of the undetermined Lagrange multipliers are equal to zero
(�2+�2+�2 �= 0). Eliminating these multipliers from equations (1.7), we reduce these equations to the form (taking
account of relation (1.5))

(3.1)

Here, relation (1.4) is satisfied identically and relation (1.3) takes the form

(3.2)

The five relations (1.5), (3.1) and (3.2), connecting the six phase variables of system (1.1), (1.2), define the two pairs
of families of one-dimensional invariant sets of this system, which are parametrized by the dimensionless constant of
the energy integral h. The first pair corresponds to the upper sign in relations (3.1) and (3.2) and, consequently, exists
when h ∈ [−1, +∞) (here 3�2

3 > 2(1 + �1)) and the second pair corresponds to the lower sign and, consequently, exists
when h ∈ [1, +∞) (here 3�2

3 < 2(1 − �1)). The families appearing in one or other of these pairs are distinguished by
the direction of rotation (see relation (3.1)).

Calculating the dimensionless quantity g of the integral G in the invariant sets, determined by the combination of
relations (1.5), (3.1) and (3.2), we have

(3.3)

(the upper sign (as previously) corresponds to the first pair of families and the lower sign to the second pair; the families
occuring in one or other pair are distinguished by the sign of g). Note that a relation of the form of (3.3) was previously
obtained from other considerations in Ref. 9.

Recalling that g = 0 in the invariant sets (2.1), we construct a Poincaré- Smale bifurcation diagram (see Fig. 1) in
the (h, g)-plane. The line g = 0 corresponds to the family of trivial invariant sets and curves 1 and 2 correspond to the
first and second pairs of families of non-trivial invariant sets. The stable and unstable invariant sets (the stability of
non-trivial sets is defined in accordance with bifurcation theory) are labelled with plus and minus signs respectively.

In conclusion, we note that the motion of a Goryachev–Chaplygin top on the non-trivial invariant sets is described
by elliptic functions of time. Actually, it follows from Eqs. (1.1), and (1.2), when account is taken of relations (3.1)
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Fig. 1.

and (3.2), that

(3.4)

Knowing �3(t) (see Eq. (3.4)), it is possible to find the function �2(t) (see (3.4)), �1(t) (see (3.2)) and �2(t) (see (3.2)
and (1.5)), and also �1(t) and �3(t) (see the first two equalities of (3.1)). In particular,

(3.5)

Note that relations (3.5) determine the non-trivial invariant sets on the Poisson sphere (1.5) (we recall that the corre-
sponding trivial sets have the form �2

1 + �2
2 = 1, �3 = 0).
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